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Abstract

A linear theory on the propagation of plane waves in the polydispersed gas-droplets suspensions is
presented. The case is considered when the gas carrier phase is a homogeneous mixture of two
components. The ®rst one is a vapor, and the second is a neutral gas. Both non-steady and non-
equilibrium e�ects of the phase interaction (mass, momentum, energy interface exchange) are taken into
account. A general dispersion equation is obtained. This equation describes the speed of propagation
and attenuation of disturbances in the polydispersed gas±vapor-droplets suspensions with arbitrary
droplet distribution functions by size. It holds true for a wide range of frequencies complying with the
requirement for the medium acoustic homogeneity. An e�ect of phase transformations (evaporation and
condensation) in¯uenced by di�usion of vapor through the neutral gas is studied. Some calculations are
done for polydispersed fogs consisting of air and water droplets. High and low frequency asymptotics of
the complex wave number that give velocities of the waves and their attenuation are obtained and
analyzed. A possibility is shown to describe adequately and simply the attenuation of high and low
frequency disturbances in terms of the `monodisperse' models with the use of some averaged droplet
radii. A paradoxical e�ect is found consisting in the non-monotonous dependence of sound attenuation
on mass content of droplets, which are the main cause for wave absorbtion. # 2000 Elsevier Science
Ltd. All rights reserved.
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1. Introduction

Most of the investigations on the acoustics of gas±vapor-droplets media are devoted to
monodisperse systems (Cole and Dobbins 1970; Davidson 1975; Gubaidullin and Ivandaev,
1987, 1990, 1991; Gumerov et al., 1988; Marble, 1970; Marble and Candel, 1975; Nigmatulin
et al., 1991; Shagapov, 1987). See also the book by Nigmatulin (1990).
One of the earliest publications on the acoustic waves in polydispersed suspensions (with no

phase transitions) was that by Temkin and Dobbins (1966). Along with a number of other
papers, this work presented a case for small contents in the dispersed phase, when the
contribution of each particles' fraction, characterized by the radius of the droplets, a, to the
dissipation and dispersion of the disturbances is proportional to their mass fraction. Later on,
when studying the propagation of weak disturbances Ishii and Matsuhisa (1983) took into
account ®nite droplet mass contents in polydispersed gas particle suspensions. Yet the latter
paper, like the previous one, did not consider the in¯uence of non-stationary e�ects of
interface momentum and heat exchange. Gumerov and Ivandaev (1988) studied the
propagation of linear monochromatic waves in the speci®c cases of a single-component
polydispersed gas or vapor-droplet mixture taking into account non-steady processes of phase
interactions for droplet random mass contents. In doing so, they did not analyze the case with
vapor-droplet mixture. A detailed consideration was only given to the most common case of
no interfacial mass transfer. The main objective of the present paper is to study sound
propagation in real two-component vapor±gas-droplet systems with regard to the e�ect of
phase transformation (evaporation and condensation) in¯uenced by di�usion of vapor through
the neutral gas. A detailed analysis made in the present paper shows that the essential in¯uence
of di�usive mass exchange results in the anomalous e�ect of non-monotonic dependence of
wave attenuation on mass concentration of droplets, which are the main cause for disturbance
dissipation.

2. Formulation of the problem

Let us consider a plane one-dimensional ¯ow of a polydispersed vapor±gas-droplet mixture
in the acoustic ®eld. The dispersed or fraction content is characterized by the distribution
function, N(a ), being a function of the radius of the droplets, a, with the minimum amin and
maximum amax radii of the droplets:

dn � N�a� da,

N�a� � 0 for: a < amin and a > amax : �2:1�
Here dn is the number of droplets with the radius in the range, a, and a + da per unit volume
of the mixture. Due to phase transition (evaporation or condensation) the radius of the
droplets for the fraction may change with the velocity:

_a � _a�a,t�: �2:2�
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The total number of the droplets, n, per unit volume, and volume content of the dispersed
phase, a2, and carrier (gas) phase, a1, are determined by the integrals:

n �
�amax

amin

N�a� da, a2�t� � 4

3
p
�amax

amin

a3N�a� da, a1 � a2 � 1: �2:3�

Averaged parameters for the polydisperse phase, particularly the velocity, v2, interface mass
exchange rate, j, interfacial force, f, heat transfer, qi, between the surface of the droplet and i-
th phase (i = 1, 2) per droplet in the one-dimensional continua approximation are given in
each point (x, t ) and depend on the droplet radius, a, of the fraction:

v2 � v2�x,t,a�, j � j�x,t,a�, f � f�x,t,a�, qi � qi�x,t,a�, . . . : �2:4�

The basic parameters of the mixture are the following:

r1 � r81a1, r2 � r82a2 �
�amax

amin

g�a�N�a� da, g�a� � 4

3
pa3r82

m � r2
r1

, kj �
rj
r1
� j � V,G �, kV � kG � 1: �2:5�

Here r8i, ri are the true and reduced densities of the gas phase (i = 1) and the particles (i= 2),
respectively; g is the mass of a single droplet; m is the mass content of the droplets; kj is the
initial mass concentration of the vapor ( j=V ) and gas ( j=G ) components of the gas phase.
Note that the case of single-component mixtures of gas (kV=0) or vapor (kV=1) with droplets
was discussed previously by Gumerov and Ivandaev (1988).
Here we restrict ourselves to the study of the initially uniform equilibrium state of the

mixture along the x-coordinate, when the parameters with subscripts 0 (c00r10, r20, v10=v20,
p10, and so on) are constant by x and by time t, and consider small plane disturbances marked
with prime, c ':

c � c0 � c 0, c 0 � c0

�c � r1, r2, v1, v2, p1, iV, iG, u2, . . .�: �2:6�

Linearized equations for these one-dimensional disturbances in a monodispersed fog follow
from the general equations of motion for two-phase mixtures (Nigmatulin, 1990). They take
the form (Gubaidullin and Ivandaev, 1987):

@r 01
@t
� r10

@v 01
@x
� ÿJ, @r 0V

@t
� rV0

@v 01
@x
� ÿJ, @r 02

@t
� r20

@v 02
@x
� J,

r10
@v 01
@t
� @p

0
1

@x
� ÿF, r20

@v 02
@t
� F,
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rV0

@ i 0V
@t
� rG0

@ i 0G
@t
� a10

@p 01
@t
ÿ nq1, r20

@u 02
@t
� ÿnq2,

q1 � q2 � ÿjl0 �J � nj, F � nf �: �2:7�
Here p1 is the pressure of the gas phase (gas and vapor), ij is the speci®c enthalpy of the vapor
( j=V ), gas ( j=G ), u2 is the speci®c internal energy of the liquid droplets, l is the speci®c
evaporation heat.
The coordinate system is connected with the undisturbed equilibrium mixture:

v10 � v20 � 0, T10 � T20, pV0
� pS�T0�, �2:8�

where Ti is the temperature of the i-th phase, pV0
is the vapor partial pressure in the gas phase

in the initial state; pS (T0) is the vapor saturation pressure corresponding to the initial
temperature, T0.
A set of linear di�erential equations of motion in the polydispersed vapor±gas-droplet

mixture should be obtained through integrating the fractional linearized mass, momentum and
energy equations (Nigmatulin et al., 1991; Gubaidullin and Ivandaev, 1987) by the droplet
radius, a, going from amin to amax.
For example, let us obtained the conservation equation of mass for the whole dispersed

(droplet) phase supposing that the motion of droplet fraction with the droplet radius from a to
a+da is described as a motion of monodisperse media with characteristic radius a. Then
dr2=g(a )N(a )da is the reduced density of this droplet fraction, while dr20=g(a )N0(a )da is the
reduced density of this fraction in the initial state, and dr '2 is the disturbance of the reduced
density: dr2=dr20+dr '2. In this case:�amax

amin

dr2�x,t,a� da � r2,
�amax

amin

dr20�x,t,a� da � r20,
�amax

amin

dr 02�x,t,a� da � r 02: �2:9�

The linearized conservation equation of mass for the fraction having non-disturbed reduced
density dr20 is identical to the third equation of (2.7):

@

@t
�dr 02�x,t,a�� � dr20

@

@x
�v2�x,t,a�� � jN0da: �2:10�

On integrating this equation by the droplet radius a going from amin to amax one obtains

@r 02
@t
�
�amax

amin

�
@v 02�x,t,a�

@x
N0�a�g0�a�

�
da �

�amax

amin

j�x,t,a�N0�a�da: �2:11�

A set of linear di�erential equations of motion in the polydispersed vapor±gas-droplet mixture
is analogous.
Finally, the equations of mass and momentum conservation of the carrier phase and

dispersed droplets have the following form

@r 0i
@t
� ri0

@v 01
@x
� ÿJ, @r 02

@t
�
�amax

amin

@v 02
@x

N0g0 da � J,
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J �

�amax

amin

N0j da, i � 1,V

!

r10
@v 01
@t
� @p

0
1

@x
�
�amax

amin

fN0 da � 0, g0
@v 02
@t
� f,

r1 � rV � rG, p1 � pV � pG, �2:12�
where J is the total interface mass exchange rate per unit volume determined by the vapor
di�usive ¯ow towards the droplet surface and by the condensation or evaporation rate on the
surface of an individual droplet; f is the interface force per droplet by the carrier phase. Here
the disturbance of the parameters are primed.
Below is the constant speci®c heat approximation for enthalpy of gas and vapor and for the

internal energy of the liquid:

iV � cpVT� iV0
, iG � cpGT� iG0

, u2 � c2T� u20, �2:13�
where cpV and cpG are the speci®c heat capacity under constant pressure for vapor and gas, c2
is the speci®c heat capacity of the incompressible dispersed phase. Then the equations of
internal energy for the gas phase, droplet fractions and their interface will be put down as

r10cp1

@T 01
@t
ÿ d10

@p 01
@t
� ÿ

�amax

amin

N0q1 da, g0c2
@T 02
@t
� ÿq2,

q1 � q2 � ÿjl0, � p 01 � p 0V � p 0G, cp1 � kVcpV � kGcpG�: �2:14�
As a whole the linearized equations of vapor and gas mixture state may be put down in the
following form:

p 0V �
C 2

V

gVa10
r 0V � pV0

T 01
T0

, p 01 �
C 2

10

g10a10
�r 01 � D �R�r 0V ÿ kVr 01�� � p10

T 01
T0

,

D �R � �RV ÿ RG�=R10, �R10 � kVRV � kGRG�: �2:15�
Here Rk, Ck and gk are the gas constant, sound speed and adiabatic exponent in the k-th
component (k = 1, G, V ).
The force exerted upon a particle of a dispersion mixture may be predetermined in the form

of a sum of the quasistationary force of viscous friction fm (Stokes force), Archimedes force FA,
force of associated mass fm and Basset force fB:

f � fm � fA � fm � fB,

fm � 6pam1�v1 ÿ v2�, fA � 4

3
pa3r81

@v1
@t

,
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fm � 2

3
pa3r81

@

@t
�v1 ÿ v2�,

fB � B

�t
ÿ1

@

@t
�v1 ÿ v2� @t����������

tÿ t
p , �B � 6a2

��������������
pr81m1

p
�, �2:16�

where m1 is the coe�cient of the viscosity of the gas phase.
In the case of weak monochromatic waves in suspensions, v1 and v2 are represented by

complex exponents of coordinates and time vi=Ai exp i(kxÿot ), where Ai are the complex
amplitudes of the phase velocity vi (i= 1, 2) ¯uctuations. This enables us to easily calculate the
integral in the expression for the Basset force by reducing it to the well-known probability
integral (Nigmatulin, 1990, p. 148).
The heat ¯uxes qi (i = 1, 2) to the interface and the interface di�usive ¯ux j are determined

by the following formulas (Nigmatulin, 1990, p. 164):

qi � 2paliNui�Ti ÿ TS�, j � 4pa2D1Sh1
kV ÿ kVS

2a
, �2:17�

where l1 is the coe�cient of the thermal conductivity of the gas phase, D1 is the coe�cient of
mass inter-di�usion of the gas and the vapor, l2 is the thermal conductivity of the liquid in
drops.
The correspondent relations Nui (o ) (i= 1, 2) and Sh1(o ) have the form (Nigmatulin, 1990,

p. 164; Gubaidullin, 1987):

Nu1 � 2�1� z1� � 2

Z1�z1�
, Nu2 � 10

Z2�z2�
,

Sh1 � 2�1� y� � 2

Z1� y�
, Z1� y� �

1

1� y
, �j Z1 j , j Z1 jR1�

Z1�z1� �
1

1� z1
, Z2�z2� �

5�3z2 ÿ �3� z22� tanh z2�
z22�tanh z2 ÿ z2� ,

y � 1ÿ i���
2
p �otd �1=2, zj � 1ÿ i���

2
p �otlj�1=2, � j � 1,2�;

td � a2

D1
, tl1 �

a2

kj

�
kj � lj

r8jcj

�
: �2:18�

The intensity of non-equilibrium condensation on the interface is determined by the well-
known Hertz±Knudsen±Langmuir formula (Nigmatulin, 1990, p. 69; Nigmatulin, 1978):
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j � b�����������������
2pRVTS

p � pVS ÿ pVS�, �bR1, TS� pV�� �2:19�

where b is the accommodation (condensation) coe�cient.
We shall consider monochromatic disturbances (see below) with a frequency, o. In general,

the interface interaction intensity terms depend on vibration frequency, o:

f � g0
v 01 ÿ v 02

t�v
ÿ v 01

t�A
, j � g0

r

p10

p 0V ÿ p 0VS
t�k1

� g0
r

p10

p 0VS ÿ p 0VS
tb

,

q1 � g0
cp1

m

T 01 ÿ T 0S
t�T1

, q2 � g0c2
T 02 ÿ T 0S

t�T2

, p 0VS � T 0S
l0r8V0

T0

�r � r810=r820�: �2:20�
Here pVS (a, x, t ) is the partial pressure of vapor saturation related to the temperature of the
droplet surface TS (a, x, t ) with the Clapeyron±Clausius equation; t �c (c=v, A, k1, b, T1, T2)
are the complex time characterizing interface interaction intensity of an individual droplet with
a gas phase in a high frequency acoustic ®eld (Gubaidullin and Ivandaev, 1987; Gumerov et
al., 1988; Nigmatulin, 1990, p. 345):

t�v � tv

�
1� 1ÿ i���

2
p �otm1�1=2 ÿ

1

9
iotm1

�ÿ1
, t�A � ÿ

i

ro
, t�k1 �

1

3

RV

R10
�1ÿ kV� td

1� y
,

tb � 1

3

������
2p
p

gV

g1CVa

bC 2
1

, t�T1
� 1

3

a10
a10

tl1
1� z1

, t�T2
� 1

3
tl2

5�3z2 ÿ �3� z22� tanh z2�
z22�tanh z2 ÿ z2� ,

tv � 2

9

r82a2

m1
, tm1 �

r81a2

m1
, td � a2

D1
, tl1 �

a2

kj

�
kj � lj

r8jcj

�
,

y � 1ÿ i���
2
p �otd �1=2, zj � 1ÿ i���

2
p �otlj�1=2, � j � 1,2�; �2:21�

Note that the expression for t �v and t �A takes into account the Stokes, Basset, Archimedes and
associated mass forces.
The set of Eqs. (2.12)±(2.15), (2.20) and (2.21) is closed and can be used to investigate the

propagation acoustic perturbations in polydispersed vapor±gas-droplet mixtures.

3. Dispersion equation

Let us study the fundamental solutions of the derived system of linear equations, which have
the form of travelling monochromatic waves for perturbations
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c 0 � Ac exp i�K�xÿ ot� � Ac eÿK��x exp�i�Kxÿ ot��, �i2 � ÿ1�

K� � K� iK��, C � p� � o
K
, C �g� � do

dK
, s � 2p

K��
K

, �3:1�

where Ac is the complex amplitude of perturbation of the parameter c [see (2.6)], K� is the
complex wave number, K�� is the linear attenuation coe�cient; C ( p ), C ( g ) and s denote the
phase velocity, group velocity and non-dimensional attenuation coe�cient per wavelength.
Substituting solution (3.1) for Eqs. (2.12)±(2.17) we get the following relations:

ÿioArk � irk0K�Av1 �
rr20
p10

*
ApV ÿ ApVS

t�k1

+
� 0 �k � 1,V �,

ÿioAr2 � ir20K�hAv2i ÿ
rr20
p10

�
ApVS ÿ ApVS

tb

�
� 0,

ÿior10Av1 � iK�Ap1 � r20

�
Av1 ÿ Av2

t�v

�
� 0,

ÿior10cp1AT1
� ioa10Ap1 � rr20cp1

*
AT1
ÿ ATS

t�S1

+
� 0,

ÿioAv2 ÿ
Av1 ÿ Av2

t�v
� 0, ÿ ioAT2

� AT2
ÿ ATS

t�T2

� 0,

rcp1

AT1
ÿ ATS

t�S1

� c2
AT2
ÿ ATS

t�T2

� rl0
p10

ApVS ÿ ApVS

tb
� 0,

ApV ÿ
C 2

V

gVa10
ArV ÿ

pV0

T0
AT1
� 0, Ap1 ÿ

C 2
10

g10a10
��1ÿ kVD �R�Ar1 � D �RArV � ÿ

p10
T0

AT1
� 0,

 
ApV ÿ ApVS

t�k1
� ApVS ÿ ApVS

tb
, ApVS �

l0r8V0

T0
ATS , t�S1

� a20
a10

t�T1
� 1

3

tl1
1� z1

!
�3:2�

where hhi denotes the linear operator of averaging by mass of the droplets:

hhi � 1

r20

�amax

amin

N0g0h da: �3:3�

Since the gas phase parameters are independent of radius, a, the following identity takes place:
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hAc1
i � Ac1

: �3:4�

Let us write the unknown amplitudes, ApVS
, ApVS

, ATS
, Av2

, in terms of gas phase parameter
amplitudes Ac1

(c1=v1, T1, pV), which are independent of a and known characteristic times,
t �c. This allows us to factor out these unknown amplitudes from the sign of the averaging
operator h . . .i:

Av2 �
Av1

1ÿ iot�v
, ApVS �

tbApV ÿ t�k1ApVS

t�k1 � t�b
,

ApVS �
l0r8V0

T0
ATS , ATS � Z

"
AT1
� iot�S1

e2

 
l0

p0cp1

!
ApV

#
,

Z � r

�
rÿ iot�S1

�
e1 ÿ r8V0

p10
rl0�g1 ÿ 1�e2

��ÿ1
, e1 � c2

cp1

1

1ÿ iot�T2

,

e2 � 1

io�t�k1 � tb� :
�3:5�

Substituting expressions (3.5) for (3.2) we shall obtain a uniform set of linear algebraic
equations for the amplitudes, Ac (c=r1, r2, v1, p1, T1, T2, . . . ).
The dispersion equation connecting the wave number, K�, and perturbation frequency, o,

can be derived from the condition of the existence of the non-zero solution (3.1) for the system
of linear equations considered. The dispersion equation has the following form:�

C1K�
o

�2

� V�o�D�o�: �3:6�

Here V(o ), D(o ) are the complex functions describing the e�ects of sound dispersion and
dissipation in the suspension because of interface friction and interface heat and mass exchange
correspondingly. If the particles are absent (m= 0, V(o )=D(o )=1), there is neither
dispersion nor dissipation in single-phase gas without droplets or particles. The functions
V(o ), and D(o ) depend on the frequency, phase thermophysical parameters and spectral
composition of the mixture by means of the functions given below

V�o� � 1�m
�a1 ÿ r�hhvi ÿ a1r

1�mrhhvi , hv � 1ÿ t�v=t
�
A

1ÿ iot�v
,

D�o� � 1�m�g1 ÿ 1�H2 ÿ �RVkVg1� �RV �c1H3 ÿ 2 �lrH1� ÿM1L
1�m�H2 ÿ BH3 ÿM2L� ,

L � rLH 2
1 �H2H3,
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Hj � hhji, j � 1,2,3: h1 � Ze2, h2 � Z�e1 ÿ Le2�, h3 � Ze2�rÿ iot�S1
e1�,

B � �1ÿ �RVkV� �RV, L � rg1�g1 ÿ 1�kV �l
2
, M1 � m �RV �c1�g1 ÿ 1� �RVkV�, M2 � mB,

�RV � RV

R10
, �l � l0

C 2
10

, �c1 � cp1

g1R1
� 1

g1 ÿ 1
, �c2 � 2

g1R1
: �3:7�

This dispersion dependencies (3.6) and (3.7) is obtained for the case of small contents of
droplets by volume (a2<<1) and moderate pressures, when the ratio of the gas and liquid
densities is small, r=r810/r820<<1. However, the droplets content by mass may be large
enough. The account for the members with a2 and r leads to the occurrence of multipliers in
the form of (1ÿa2) and (1ÿr ) in the dispersion equation.
The form of the dispersion relations (3.6) and (3.7) agrees with the corresponding

dependencies by Gumerov and Ivandaev (1988) in the particular cases of the single-component
vapor-droplet mixtures (kV=1) and gas particle mixtures with no phase transformations
(kV=0, tb=1). A particular case of the dispersion relation for the monodisperse vapor±gas-
droplet mixture (Gubaidullin and Ivandaev, 1987) is obtained from (3.5) and (3.6), when
substituting N0(a )=n0d(aÿa0) for d as the Dirac delta function, and then

hhji � hj�a0,o� � j � 1,2,3�:

4. High and low frequency asymptotics

To get explicit expressions for the propagation velocities C ( p ), C ( g ) and the attenuation
coe�cients, K�� and s, there is reason to analyze both high (otv>>1) and low (otv<<1)
frequency asymptotics of the complex wave number K�, following from the dispersion
relationships (3.5) and (3.6), when the mass and volume concentration of the droplets are
small: m 3<<1, a2<<1. Let us ignore the non-equilibrium state of the interface surface at the
mass exchange (tb=0) and assume that the gas constants of vapor (k=V ) and gas (k=G ) are
of the same order of values; the same is for the temperature di�usivity, kinematic viscosity and
di�usion coe�cients of the gas phase:

RV0RG, k1 � l1
r81c1

0 m1
r81

0D1: �4:1�

Further we shall use the following dimensionless parameters characterizing the aerosol
thermophysical and acoustic properties

Pr1 � m1cp1

l1
01, �K� � K�C1t8v, O � ot8v,
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�C
�P� � C �P�

C1
�ai,j � ai,j

a8

 
t8v � 2

9

r82�a8�2
m1

!
�4:2�

where a8 is some averaged scale radius of the droplets, which is determined below.
Within the equilibrium mass exchange approximation at any frequencies, o, the temperature

of the droplet surface, TS, always remains equal to that of the saturation, TS ( pV),
corresponding to the vapor partial pressure, pV. For this case the high frequency (otv>>1)
asymptotic of the dimensionless wave number K

-
� has the following form

�K�
O
� 1� m

2
f�1� i� ��

r
p

K �1�1 � �a3,2O�ÿ1=2 � iK �2�1 � �a3,1O�ÿ1g �O�m2,Oÿ2�:

�O� 1� �4:3�
The coe�cients K (1)

1 and K (2)
1 of the ®rst (main) and second terms of the asymptotic are

determined by the formulae:

K �1�1 �
3

2
� �g1 ÿ 1�Prÿ1=21

kG �c1 � kVE1

E2
, K �2�1 � 1� 2

3
�g1 ÿ 1�Prÿ11 �kG �c1 � kVS1�,

 
E1 � g1� �c21 � G��lÿ �c1�2�, E2 � kG �c1 � kVg1G �l

2
, G �

�
l1 �c1r

l2 �c2

�1=2
,

S1 � g1

�
�c21 �

l1
5l2
��lÿ �c1�2

�
, S2 � kG �c1 � g1 �l

2
kV

l1
5l2

!
:

�4:4�

Here ai,j are the averaged radii determined by the following:

ai,j �
� haii
ha ji

�1=�iÿj �
haii �

�amax

amin

N0�a�ai da, i 6� j, amin < ai,j < amax : �4:5�

The ®rst components in the coe�cients K (1)
1 and K (2)

1 (i.e., 3/2 and 1) are related to the
interface friction, the rest are related to the interface heat and mass exchange. In this case the
second terms in Ei and Si (i= 1, 2) are related to the non-homogeneous distribution of the
temperature within the droplets. The analysis shows that for the typical cases (l1 < l2, l

-2>>1,
r<<1) these terms can make an essential contribution to the coe�cients K (1)

1 and K (2)
1 . But for

suspensions with no phase transitions the e�ect of non-uniform temperature distribution is
insigni®cant (Nigmatulin, 1990).
According to (4.3) and (4.4) the account of the e�ect of spectral composition on the

propagation of high frequency disturbances (ot8v>>1) in the polydisperse vapor±gas-droplet
mixtures with any form of the distribution function N0(a ) comes through the integral
characteristics a3,2 and a3,1. It means that this case is similar to gas-particle suspensions with
no mass exchange. At frequencies

�����������
rot8v
p � 1 the attenuation coe�cient, K��, is generally

determined by the main asymptotic term with the coe�cient K (1)
1 . Then, if a8=a3,2 is assumed,
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relationship (4.3) and (4.4) coincides with the corresponding asymptotic for the monodisperse
suspension.
It should be noted that taking into account the actual non-equilibrium state of the interface

mass exchange the main term of high frequency asymptotic (o 41) for aerosols is to coincide
with that of the corresponding asymptotic for suspensions with no mass exchange (Gumerov
and Ivandaev, 1988), since phase transitions have simply no time to take place. Such a
relationship can be obtained from the asymptotic (4.3) and (4.4) at kV=0.
Expression (4.4) for the coe�cient K (1)

1 may be modi®ed (Gubaidullin and Ivandaev, 1992):

K �1�1 � K �1G �1 � �g1 ÿ 1�Prÿ1=21

g1kV �c1� �c1�1� G � ÿ 2 �lG �
�1ÿ kV� �c1 � kVl2g1G

,

K �1G �1 � 3

2
� �g1 ÿ 1�Prÿ1=21

where K (1G )
1 is the coe�cient of the ®rst (main) terms of the asymptotic in the absence of mass

transfer (Gumerov and Ivandaev, 1988). For the mixture of air with vapor and water droplets
we may accept that l

-
G<<1, then K (1)

1 > K (1G )
1 , and the di�erence K (1)

1ÿK (1G )
1 increases with

growth of the vapor concentration kV, that leads to overrating the attenuation coe�cient, K��.
This is connected with the neglect of the real non-equilibrium state of evaporation and
condensation. Note that the equilibrium phase transition approximation for the attenuation
coe�cient, K��, may be used when (Nigmatulin, 1990; Gubaidullin and Ivandaev, 1987):�

l2
l1

��
C 2

1

l

��
Lm

a3,2

�
�otl2�a3,2��1=2 � 1, Lm � k1

C1
,

where Lm is the mean free path in gas (Lm010ÿ8 m). For high frequency perturbations, when
the last condition is invalid, the phase transition equilibrium approximation leads to overrating
the attenuation coe�cient. In this case the error increases with the increase in vapor
concentration or with the increase in the initial temperature, T, for the ®xed pressure, p.
The low-frequency asymptotic for K�, describing the dependence of the attenuation

coe�cient K�� for the mixture with a small mass droplet content (m 3<<1, a2<<1) and small
frequencies (ot8v0O<<m ) has the form

�K�
O
� � �Ce�ÿ1 � i

2

�
mF �a25,3 �

kV
m

y �a23,1

�
�O

�
m3,

O
m

�
,

F � 1� 3

2
Pr1�g1 ÿ 1�

�
�1ÿ kV�

�
c2
c1

��2
, y �

3
2Pr1�g1 ÿ 1�� �lÿ �c1�2g1
g1 �l

2
kV � �1ÿ kV� �c1

, �C
�e� � C �e�

C1
: �4:6�

where C
- (e ) is the dimensionless equilibrium (O=0) sound speed in the gas±vapor-droplet

mixture, which may be expressed for small mass droplet content (m 2<<1) by the following:
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1

�C
�e� � 1� 1

2

(
m

�
1� �1ÿ kV��g1 ÿ 1�c2

c1

�
� g1kV�g1 ÿ 1�� �lÿ �c1�2

g1 �l
2
kV � �1ÿ kV� �c1

)
: �4:7�

In Eq. (4.6) the ®rst component of the coe�cient F, which is equal to one, determines the e�ect
of the interface friction, the second component is related to the temperature relaxation of the
`inert' gas taking no part in the interface mass exchange. The term with the coe�cient y
determines the contribution of phase transition e�ects to wave dissipation.
It should be emphasized that in accordance with (4.6) the contribution of the interface

friction and interface heat and mass exchange in dissipation of waves are additive in aerosols.
For the small mass droplet content (m<<1) when the vapor concentration is larger than the

liquid content (kV > m ) the term y dominates because of the multiplier 1/m, and the
propagation of low frequency disturbances in the polydispersed fogs is governed mainly by the
interface mass exchange e�ects.
For the low-frequency disturbances (ot8v<<m ) in correspondence with asymptotics (4.6) the

account for polydispersion composition comes only through two integral characteristics of
spectral composition of the mixtures: a3,1 and a5,3. In this case the averaged radius, a5,3, relates
to the e�ects of the interface friction and the interface heat exchange (for kV$1) while the
averaged radius, a3,1, relates mainly to the e�ect of phase transitions. According to the Gender
inequality we have a3,1 < a5,3 (for monodisperse suspensions a3,1=a5,3=a0, or a

-
3,1=a-5,3=1).

Thus, the damping of low-frequency (O<<m<<1) disturbances in polydispersed vapor±gas-
droplet mixtures may be described approximately within the limits of the model with two
e�ective averaged radii of droplets. When the mass exchange is absent (kV=0), or in the case
when the e�ects of phase transition dominate, the acoustic properties of polydispersed fogs are
described with the `monodisperse model' selecting as a characteristic radius either a5,3 or a3,1,
respectively.

5. On the condition of linear analysis applicability

It should be kept in mind that the linear solution may appear inadequate at small
frequencies of the disturbances with the decrease of droplets mass content m for the
suspensions with phase transformations. To make it applicable it is necessary to satisfy the
condition Dm/m<<1 or Da/a<<1, that imposing a stricter limitation on the pressure amplitude
than Dp1/p0<<1. Let us obtain this relationship. For that purpose let us put down the equation
of heat in the ¯ow interface surface (2.2) in the form:

n0j � 1

l0

�
r10cp1

@T 01
@t
ÿ a10

@p 01
@t
� r20c2

@T 02
@t

�
� 4pa20r820n0

@a 0

@t
:

Substituting the solution of form (2.6) we shall get a dimensionless relation between the
pressure disturbance and that of the droplet radius in the wave at the mass exchange:

a 0

a
� ÿ 1

3mg1 �l

�
1ÿ �c1 �m �c2

�l

�
p 01
p10
: �5:1�
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It is simple to see that for implementing the condition a '/a<<1, or Dm/m<<1 the following
limitation on the amplitude of the pressure disturbance is necessary

p 01
p10
� 3mg1 �l

1ÿ � �c1 �m �c2�= �l
: �5:2�

Since the matter of interest is the disturbances with `appreciable' amplitude p '1/p10 > 10ÿ2, and
having in mind that usually l

-
> 10, it follows that for suspensions with phase transitions the

linear analysis is e�ective for aerosols with droplet mass content m> 10ÿ3.

6. The in¯uence of polydispersed composition on the acoustic properties of vapor±gas-droplet
systems

Figs. 1±4 illustrate the numerical results on sound propagation in polydispersed suspensions
calculated in a broad frequency range O, not only when low and high frequency asymptotics
are applicable. The calculations are made by the dispersion relations (3.6) and (3.7) for the
mixture of air with vapor and water droplets under the gas phase pressure p10=0.1 MPa,
temperature T0=327 K, kV=0.1 and various droplet mass contents m.
The dispersion curves are shown in the form of the dependence of the attenuation

coe�cients s, K�� and that of the phase velocity C ( p ) on the dimensionless frequency O3,1

(O3,10ot8v, for a8=a3,1). Here the radius, a3,1, is used as a scale parameter. In accordance
with the asymptotics (4.6) for K� the radius, a3,1, is a characteristic averaged radius of

Fig. 1. Dimensionless attenuation coe�cient per wavelength dependence upon oscillation dimensionless frequency at
di�erent droplets mass contents.
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Fig. 2. Linear attenuation coe�cient dependence upon oscillation dimensionless frequency at di�erent droplets mass
contents.

Fig. 3. Dimensionless phase velocity dependence upon oscillation dimensionless frequency at di�erent droplets mass
contents.
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polydispersed vapor±gas-droplet mixture under low frequency acoustic e�ects. This radius is
characteristic for high-frequency waves with no mass exchange too. In this case according to
the Gelder inequality the value of a3,1 is minimum among the values of the other considered
averaged radii of droplets in the polydispersed suspension: a3,1 < a3,2 < a5,3. That is why the
application of another radius, e.g., a5,3 as a scale parameter (a8=a5,3), leads to a shift of the
dispersion curves along the x-coordinate towards the dimensionless frequency growing, Z0 log
O, since

log O5,3 � log O3,1 � 2 log�a5,3=a3,1�, �a5,3=a3,1r1�: �6:1�
Further, to illustrate sound propagation in the polydispersed air fog with continuous droplet
distribution an even distribution of droplets by masses is taken:

N�a� � A8aÿ3,

�amin � 10ÿ6 m, amax � 10ÿ5 m,a3,113� 10ÿ6 m,a5,316� 10ÿ6 m�: �6:2�
The value of the constant parameter A8 may be determined by the value of the volume content
of the droplets, a20, or by the mass concentration m. However, according to (3.7) and (4.5) the
value of A8 does not in¯uence the form of dispersion curves and the magnitude of the averaged
radii ai,j. In this case for the characteristic average radii a3,1 and a5,3 [see (4.5)] the following
relationships take place:

a3,1 � amin
���
w
p

, a5,3 � amin

���������������������������
1
3�w2 � w� 1�

q
,

�
w � amax

amin

�
: �6:3�

Fig. 4. Dimensionless attenuation coe�cient per wavelength dependence upon droplets mass contents.
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Figs. 1±3 show the dependencies of the dimensionless attenuation coe�cient per wavelength, s,
linear attenuation coe�cient, K��, and phase velocity, C (P), on the dimensionless frequency,
O3,1, at various droplet mass contents, m. The full and dash-lined curves (here and below)
correspond to the cases of non-equilibrium (b=0.04) and frozen (b=0) mass exchange among
drops and gas in the polydispersed fog. The dash±dot lines are used to illustrate the dispersion
curves which correspond to the monodisperse vapor±gas-droplet mixture with the droplet
radius a0=a3,1=3 � 10ÿ6 m at the non-equilibrium phase transformation. The numbers near
the curves show the mass content values of the suspended phase, m.
The analysis shows that for extremely small mass content of the droplets, m R 0.01, the

form of the dependence s(O3,1) for the polydispersed fog is governed mainly by mass exchange
and practically coincides with the corresponding dependence for the monodisperse mixture
(Gubaidullin and Ivandaev, 1987). As the mass droplet content grows the contribution of the
interface friction to the disturbances dissipation increases, and at m00.1 the full and dash±dot
curves di�er. This di�erence is the most essential at the average frequencies O3,101, when the
in¯uence of the polydispersed mixture composition upon sound propagation is maximum and
cannot be described in terms of monodisperse models applying the e�ective radii (Figs. 1±3).
That is why for this frequency band neither of the average radii (4.5) can be used as a
characteristic dimension. It should be noted that under su�ciently high mass droplet contents,
m01, the damping factor value s for a monodisperse aerosol may be both considerably
exceeding and considerably lower than the value s for a polydispersed suspension under
di�erent frequencies O3,1. The in¯uence of the interface mass exchange e�ects upon the wave
propagation in the polydispersed fogs, as well as for monodisperse suspensions, is expressed
mostly in the aerosols with small m (full and dashed curves, Figs. 1±3). With m increasing the
role of multi-velocity (slip velocity) e�ects grows and the di�erence between the curves shown
diminishes.

7. The e�ect of non-monotonous dependence of sound dissipation on drops concentration in
aerosol acoustics

The essential in¯uence of phase transformations on low frequency disturbance propagation
in the polydispersed aerosols with small droplet mass content, m, leads to an anomalous e�ect
of non-monotonous dependence of sound attenuation on the droplet contents, m. This e�ect is
quite unexpected and opposite to the generally accepted point of view holding that the
disturbance damping intensity in such systems is proportional to mass content of droplets,
which are the source and main cause for dissipation.
First, let us consider acoustics of monodisperse gas±vapor-droplet suspension with the radius

of the droplets, a0. Used are characteristic times of velocity, tv0, and temperature, tT0
,

relaxation of a single dispersed particle;

tv0 �
2

9

r820a20
m1

, tT0
� r820c2a20

3l1
: �7:1�

Note that the times of relaxation (leveling in phase velocities and temperatures) in the two-
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phase mixture depend on mass concentration of droplets m. To evaluate the in¯uence of m on
the process of relaxation let us consider a certain volume of vapor±gas-droplet mixture at
t< 0 in the initial thermodynamically equilibrium state (v1=v2=0, T1=T2=TS=Te, p1=pe).
Suppose that at t = 0 in response to the external action the parameters of the gas phase in

every point of the volume changed suddenly by one and the same value, whereas the
parameters of droplets remain as before, corresponding to the initial equilibrium state. In the
resulting non-equilibrium vapor±gas-droplet mixture there will take place the relaxation
processes of interphase volume mass, pulse and energy, owing to which the parameters of the
mixture at t 41 will tend (relaxate) to their new equilibrium values (v1=v2=v1,
T1=T2=TS=T1, p1=p1).
It is known that any relaxation process is described by the equation like:

dc�t�
dt
� ÿ1

t
�c�t� ÿ c�1��, �7:2�

with the solution having the form:

c�t� ÿ c�1� � c 0�t� � �c�0� ÿ c�1�� exp�ÿt=t�, �7:3�
where c(t ) is the variable dependent on the time and taking the equilibrium values c(1) at
t41; c ' is its disturbance relative to the equilibrium state c(1), t is the relaxation time
characterizing the process of exponential approximation of the parameter c to its equilibrium
value c(1). To determine the relaxation time t it is possible to examine the solution of the
system of the linearized equations (2.7) having the form (7.3) for the disturbance of the
parameters:

fc 0 g � fr 01, r 0V, r 02, v 01, v 02, p 01, T 01, T 02, T 0Sg:
Thus, a simpli®ed formulation of the problem is considered on the typical exponential
relaxation process in the vapor±gas-droplet mixture. A relevant solution may also be obtained
from the dispersion relation for K�(o ) by means of substitution io=1/t, K�=0. The desired
relaxation times are the roots of a certain algebraic equation derived in such a mannerÐthe
square root for the suspension with no phase transformations and the cube root for the general
case of vapor±gas-droplet mixture.
There are two such time points for gas suspensions with no phase transformations, and they

are related with times (7.1) by relationships (Gubaidullin and Ivandaev, 1991):

t1 � tv0
1�m

, t2 � tT0

1�mc2=cV1

: �7:4�

The vapor±gas-droplet systems with phase transformations have three characteristic relaxation
times independent from each other, in this case, t1, determines the interface momentum
exchange, t2 and t3 characterize the interface heat and mass exchange. They depend on vapor
concentration in the gas phase, vaporization speci®c heat and many other thermophysical
phase parameters.
Because of that it is di�cult to get any evident expressions for these times in the general

case.
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In the particular case with a small droplet mass content, m, and extreme vapor
concentration, kV0

(small and high values correspondingly) the problem is simpli®ed. The
estimations show that at small kV0

in the general case of vapor±gas-droplet mixture we have:

t20tT, t30tk1 �
a10
3a20

a20
D1

, �7:5�

where tk1 and D1 are the time and coe�cient of vapor di�usion in the gas phase. In the case of
high concentration of the vapor, kV0

:

t20tT2
, t30tT1

� a10a20
3a20k1

, kj � lj
r8j0cj

: �7:6�

Here tT2
is the relaxation time of the temperature in a droplet, tT1

is the relaxation time of the
temperature in the gas phase, kj is the coe�cient of the j-phase thermal di�usivity. As a rule:

tT2
� tv0tT and tk10tT1

0tv=m: �7:7�
Note that the strong connection between the time, t3, and the volume droplet content, a20
(t30td/3a20) has a certain physical sense and is related to the processes of the parameters
equalization (temperature and vapor concentration) in the area (cell) around a droplet. The
more numerical drops concentration, n0, the less is the characteristic cell dimension R0nÿ1/3,
and, accordingly, the less is the temperature equalization and vapor concentration time, t3, in
the area around a droplet. In the aerosols with small m time t3>>tv, t2. In this connection the
great e�ect on disturbance damping may be expected with the frequencies, ot301 (otv<<1).
In accordance with the dispersion relationship at the small mass droplets content m<<1 the

following relationship may be obtained for the attenuation coe�cient (Gubaidullin and
Ivandaev, 1990):

s1p

�
C �P�

C1

�2X3
i�1

Gi
oti

1� �oti �2
: �7:8�

Here ti (a ) are the characteristic phase interaction time in the suspension, Gi, are the
coe�cients depending on phase thermophysical properties. Thus, for the vapor droplet aerosol
with regard to C (P)0C1, t10tv, t20tT2

, t30tT1
0tv/m, relationship (7.8) has the form

(Nigmatulin et al., 1991):

s � p
motv

1� �otv�2
� �g1 ÿ 1�

�
1ÿ �c1

�l

�2
motv

m2 � �otv�2
: �7:9�

According to expression (7.9) the dependence of the attenuation coe�cient s on the
dimensionless frequency O=otv has two maxima for the monodisperse mixture. One of them
is related to the dissipation e�ects because of phase transformations and occurs at the
frequency O (1)0m (otT1

01), the other is observed at O (2)01, and is conditioned by
dissipation because of the interface friction. In this case, as m<<1 is small, the inequality
O (1)<<O (2) takes place for the characteristic frequencies O (i ) (i = 1, 2).
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In accordance with the asymptotics (4.6) at low frequency disturbances the formulas of
monodisperse suspension acoustics may be applied to describe approximately the acoustic
properties of polydispersed aerosols. In this case, the droplets velocity relaxation is determined
by the average radius a5,3, while the interface mass exchange e�ects are characterized by
smaller average radius a3,1, so the characteristic phase interaction time ti are represented in the
form of the corresponding functions: tv=tv (a5,3), tT1

=tT1
(a3,1). Then, according to (7.9), the

®rst maximum of the coe�cient s, due to the processes of phase transformations in the
polydispersed aerosols, will be observed at the frequency O (1)

3,10O (1)(a3,1)0m<<1. According
to (7.9) the interface friction contribution is at its maximum at the frequency O (2)

3,10(a3,1/
a5,3)

2<<1, (O (2)(a5,3)01). Because of the frequency O (1) and O (2) values being proximate, the
individual maxima related to the interface friction and interface mass exchange are not
separated, and the dependence s(O ) has the only maximum (Fig. 1) in the polydispersed case
in question.
In accordance with (7.9) the attenuation coe�cient dependence s on the droplet mass

contents m both monodisperse and polydisperse aerosols at the frequency otv<<1 (O3,1<<1) is
not monotone and has its maximum at m0otv (m0O3,1), related to the dominating in¯uence
of the heat mass exchange e�ects.
Fig. 4 shows the characteristic form of the attenuation coe�cient dependence s on the

droplet mass content at ®xed dimensionless frequencies: 1. O3,1=0.01 (o0100 sÿ1), 2.
O3,1=0.1 (o01000 sÿ1). It can be seen that the dependence s(m ) is non-monotonous and has
its local maximum at the value m0O3,1. However, for the monodisperse fog the maximum s
at frequency O3,1=0.1 is expressed more obviously (dash±dot curve). Let us note that at m<<1
the damping intensity in the suspension with phase transformations essentially exceeds that in
the gas with particles where these transformations are absent (dashed curves). With m
increasing the in¯uence of the interface mass exchange e�ects upon damping of the frequency
disturbances in question diminishes (full and dashed curves coincide in practice at m>>1). In
this case the disturbances damping in the polydispersed gas suspensions with high droplet mass
content m010 may considerably exceed (three times as much) the wave dissipation in the
monodisperse systems (full and dash±dot curve 2).
Thus, for low frequency disturbances (otv < 0.1) the damping intensity in the aerosols with

the mass exchange depends non-monotonously on the dispersed phase mass content, m. At m
being small enough (usually when m< 1), the exact values of which depend on frequency and
phase thermophysical parameters there is the local damping maximum observed due to various
contributions of the interface heat mass exchange and phase friction to wave damping at
di�erent frequencies.

8. Conclusion

Phase transitions in polydispersed gas±vapor-droplet suspensions (fogs) for relatively a small
frequency wave may lead to a non-monotonous dependence of the wave attenuation on the
mass concentration of droplets, which are the main cause for wave absorption.
For polydispersed fogs with a small mass fraction of droplets the contributions of the

interface friction, heat and mass exchange in the wave absorption are additive. However,
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unlike the suspensions with no phase transitions the interface heat and mass exchange
contribution is not proportional to mass concentrations of the droplet fraction with the
di�erent radius. It means that unlike the suspensions with no phase transitions the
corresponding dispersion function cannot be obtained by the integration of the dispersion
function for the monodisperse suspension by mass of the droplet fraction.
Among the dissipation e�ects for low frequency waves in the polydispersed suspensions with

small mass concentration of droplets the e�ects of the interface heat and mass exchange
dominate. The attenuation coe�cient for relatively low frequencies may be estimated by the
model for a suspension with two radii of the droplets. One of them is connected with the
interface friction, and the other with the phase transitions.
Propagation and attenuation of the relatively high frequency waves in the polydispersed gas±

vapor-droplet suspensions may be described in the frame of a model of the monodisperse
suspension with some averaged droplet radius, which is an integral characteristic of the droplet
distribution function by size.
For the high frequency waves the approximation of the equilibrium phase transitions leads

to overestimation of the attenuation coe�cient. The error because of ignoring the non-
equilibrium phase transitions increases with the growth in vapor concentration, or, what is the
same, with the growth in the temperature of the suspension for the ®xed pressure.
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